Abstract. In this paper, we study the complete bounded λ-hypersurfaces in weighted volume-preserving mean curvature flow. Firstly, we investigate the volume comparison theorem of complete bounded λ-hypersurfaces with |A| ≤ α and get some applications of the volume comparison theorem. Secondly, we consider the relation among λ, extrinsic radius k, intrinsic diameter d, and dimension n of the complete λ-hypersurface, and we obtain some estimates for the intrinsic diameter and the extrinsic radius. At last, we get some topological properties of the bounded λ-hypersurface with some natural and general restrictions.
Introduction
A hypersurface X : M n → R n+1 is said to be a self-shrinker in R n+1 if it satisfies the following equation (see [10] ) for the mean curvature and the normal H − < X, N > 2 = 0.
(1.1)
Self-shrinkers play an important role in the study of the mean curvature flow. Not only they correspond to the self-shrinking solutions to mean curvature flow, but also they describe all possible blow ups at a given singularity points of the mean curvature flow. The simplest self-shrinkers are R n , the sphere of radius √ 2n and more generally cylindrical products S k × R n−k (where S k has radius √ 2k). All of these examples are mean convex. Without the assumption on mean convexity, there are expected to be many more examples of self-shrinkers in R 3 . In particular, Angenent constructed a self-shrinking torus (shrinking donut) of revolution in [2] , and there is numerical evidence for a number of other examples (see [3] , [9] , [24] ). We refer the readers to [10, 11, 15, 16] and references therein for more information on self-shrinkers and singularities of mean curvature flow.
As generalizations of self-shrinkers, λ-hypersurfaces were first introduced by Cheng and Wei in [8] , where they proved that λ-hypersurfaces are critical points of the weighted area functional for the weighted volumepreserving variations. Furthermore, they classified the complete λ-hypersurfaces with polynomial volume growth and studied F-stability of λ-hypersurfaces, which are generalizations of the results due to Huisken [15] and ColdingMinicozzi [10] . Guang proved some gap theorems and Bernstein type theorems for complete λ-hypersurfaces with polynomial volume growth in terms of the norm of the second fundamental form in [14] . More results on λ-hypersurfaces can be found in [6, 19, 25, etc.] .
We follow the notations of [14, 19] and call a hypersurface X : M n → R n+1 a λ-hypersurface if it satisfies the curvature condition
where λ is a constant, N is the unit normal vector of X and H is the mean curvature of M . One can prove that λ-hypersurface is a hypersurface with constant mean curvature λ in R n+1 with respect to the metric g ij = e − |X| 2 4 δ ij . In this paper, we study the volume comparison theorem and topology of complete bounded λ-hypersurfaces in the weighted volume-preserving mean curvature flow. The organization of this article is as follows: In section 2, we recall some backgrounds and derive some formulas for λ-hypersurfaces. In section 3, we investigate the volume comparison theorem of complete bounded λ-hypersurfaces with |A| ≤ α. In section 4, we give some applications of the volume comparison theorem of λ-hypersurfaces. In section 5, we study the relation among λ, the radius k and the dimension n, for the complete λ-hypersurfaces with controlled intrinsic volume growth contained in the Euclidean closed ball B n+1 k (0). In section 6, we generalize the wellknown Myers' theorem on a complete and connected λ-hypersurface with
> 0. In section 7, we obtain some properties on the topology at the infinity of a bounded λ-hypersurface with Ric f ≥ 0. In section 8, we get some natural and general restrictions that force the λ-hypersurface to be compact.
Preliminaries
Throughout this paper, the Einstein convention of summing over repeated indices from 1 to n will be adopted.
Let X : M n → R n+1 be an n-dimensional complete hypersurface of Euclidean space R n+1 . We choose a local orthonormal frame field {e ǫ } n+1 ǫ=1 in R n+1 with dual coframe field {ω ǫ } n+1 ǫ=1 , such that, restricted to M n , e 1 , · · · , e n are tangent to M n , and e n+1 is the unit normal vector N . The coefficients of the second fundamental form A are defined to be
In particular, we have
Since < ∇ N N, N >= 0, then the mean curvature
3)
The Riemann curvature tensor and the Ricci tensor are given by Gauss equation
4)
, and denote by dvol f the corresponding weighted volume measure of M ,
Thus, M = (M, dvol f ) is a smooth metric measure space. There is a natural drifted Laplacian on (M, dvol f ) defined by
The ∞ -Bakry -Emery Ricci tensor Ric f of (M, dvol f ) is defined by
Next we look at the ∞ -Bakry -Emery Ricci tensor Ric f of λ-hypersurface. For simplicity, we choose a frame such that ∇ T ei e j = 0, then
Hence, we get the following lower bound for the ∞ -Bakry -Emery Ricci tensor Ric f of λ-hypersurface,
(2.10)
Volume comparison theorem of λ-hypersurfaces
The classical volume comparison theorem shows that the volume of any ball is bounded above by the volume of the corresponding ball in the model space, validating the intuitive picture: the bigger the curvature, the smaller the volume. Moreover, this is much less intuitive, if the volume of a big ball has a lower bound, then all the smaller balls also have lower bounds. It enjoys many geometric and topological applications.
In this section, we will investigate the volume comparison theorem of the complete bounded λ-hypersurface M n with |A| ≤ α, that is, the ∞ -Bakry -Emery Ricci tensor
where α is an arbitrary nonnegative constant. Firstly, we fix a point p ∈ M n , and let r(x) = d(p, x) be the intrinsic distance from p to x. This defines a Lipschitz function on the λ-hypersurface, which is smooth except the cut locus of p. In geodesic polar coordinates, the volume element dvol = dr ∧ A ϑ (r)dϑ, where dϑ is the volume form of the standard S n−1 . Let B(p, R) be the geodesic ball of M n with radius R centered at p, the volume of B(p, R) is defined by
where S n−1 (p, r) = {x ∈ M |d(p, x) = r}. Let H(r) denote the mean curvature of the geodesic sphere at p with outer normal vector N , then we have
Let ω α (t) be the solution to
such that ω α (0) = 0 and ω ′ α (0) = 1, i.e. ω α are the coefficients of the Jacobi fields of the simply connected model space M n α,λ with constant curvature
, and
Let dvol α = dr ∧ A ϑα (r)dϑ α be the volume element of model space M n α , and denote by H α the mean curvature of the geodesic sphere, then we have
For real numbers α, λ, k and n, let
Then we have the following volume comparison theorem for complete bounded λ-hypersurfaces.
be an n-dimensional complete λ-hypersurface with |A| ≤ α, where α is an arbitrary nonnegative constant, and B n+1 k (0) denotes the Euclidean closed ball with center 0 and radius k. Then for any point p ∈ M n , and 0 < R 1 ≤ R 2 , we have
where we assume R 2 ≤ √
Proof. (of Theorem 3.1) Fix p ∈ M as a base point, and let γ : [0, r] → M be a minimizing unit speed geodesic from p. Let {E i (t)} n−1 i=1 be parallel orthonormal vector fields along γ(t) which are orthogonal toγ. Constructing vector fields {X i (t) = ωα(t) |ωα(r)| E i (t)} n−1 i=1 along γ, then by the second variation formula, we have
By (2.8), (2.10) and the assumption |A| ≤ α, we have
On the other hand, by (3.5) and (3.6), we can get
Thus, the inequality (3.10) becomes
where we have used ω α (0) = 0. By integration by parts on the last term, the expression (3.12) can be written as
Since the λ-hypersurface is contained in the ball B n+1 k
. On the other hand, we assume r ∈ (0, √ 14) here in the fifth line we have used (3.6). By (3.3) and (3.6), the expression (3.14) can be written as
Integrating it from s 1 to s 2 , together with f = 17) that is,
Integrating it from 0 to R 1 with respect to s 1 , and from 0 to R 2 with respect to s 2 , we have
) ds 2 .
(3.19)
Integration along the sphere direction gives
(3.20)
Then the result follows.
Note that the λ-hypersurface is a self-shrinker of the mean curvature flow when λ = 0, then we have the following corollary.
n+1 be an n-dimensional complete self-shrinker with |A| ≤ α. Then for any p ∈ M n , 0 < R 1 ≤ R 2 , we have
where
) dϑ α can be considered as the volume element of simply connected model space M . Now by (3.18), we can obtain the following volume comparison for balls. α,λ , and
Actually, it is not easy to figure out the relevant conclusions by Theorem 3.1 and Theorem 3.3. In particular, for the complete λ-hypersurfaces with |A| ≤ 1−λ 2 3 (i.e. Ric f ≥ 0 and |λ| ≤ 1 ), we obtain the following interesting result.
where V (r) is the volume of the ball with radius r in Euclidean space R n . Moreover, we can get implies Ric f ≥ 0, then the expression (3.13) can be written as 
= log s
≤ log s n−1 2
Now the result is obvious.
Some applications of volume comparison theorem
The classical volume comparison theorem is a powerful tool in studying the manifolds with lower Ricci curvature bound(See [36] ). In this section, we will give some applications of the volume comparison of λ-hypersurfaces with lower ∞ -Bakry -Emery Ricci curvature bound. Firstly, we obtain the lower bound and upper bound on volume growth for λ-hypersurface with Ric f ≥ 0 (i.e. |A| ≤ 1−λ 2 3 ). On the other hand, for
Let Γ be a geodesic based at p in M , by |A| ≤
and the annulus relative volume comparison (4.3) to annuli centered at Γ(t), we have
Combining (4.2) and (4.6), the result follows easily.
In [21] , Milnor observed that polynomial volume growth on the universal cover of a manifold restricts the structure of its fundamental group. Thus Theorem 3.4 also implies the following extension of Milnor's Theorem.
3 . Then any finite generated subgroup of the fundamental group of M has polynomial growth of order at most n.
Note that the relation between the fundamental group and the first Betti number given by the Hurewicz Theorem [34] , Ricci curvature can also give control on the first Betti number. By the same assertions as in M. Gromov [13] , we can prove the following theorem by Theorem 3.1.
2 ).
Theorem 3.1 also implies the following extensions theorems of Anderson [1] . We will leave it for readers. The volume comparison has many other geometric applications, such as, in the Gromov-Hausdorff convergence theory, in the rigidity and pinching theory. We will leave these statements to the interested readers.
Estimate of the exterior radius
The n-dimensional sphere S n (k) with radius k = √ λ 2 + 2n + λ is a compact λ-hypersurface and contained in the compact closed ball B n+1 k (0) ⊂ R n+1 . Our first remark is that if a complete λ-hypersurface with controlled intrinsic volume growth is contained in some Euclidean closed ball B n+1 k (0) with center 0 and radius k, then there is an obvious relation among λ, the radius k and the dimension n. To prove this, we need the following elementary lemma.
Lemma 5.1. (see [27] )Let (M, dvol f ) be a geodesically complete weighted manifold satisfying the volume growth condition
Then the weak maximum principle at infinity for the f -Laplacian holds on M .
be an n-dimensional complete λ-hypersurface whose intrinsic volume growth satisfies
where B(p, R) is the geodesic ball of λ-hypersurface M n with radius R centered at p, and B = λ on the λ-hypersurface, then
(5.4) Also note that ∇|X| 2 = 2X T , where X T is the tangential projection of X, we can get
On the other hand, since c 6) which implies that on the λ-hypersurface the weak maximum principle holds at infinity for the drifted Laplacian △ f (Lemma 5.1). Therefore
and the claimed lower estimate on k follows. This completes the proof of Theorem 5.2.
By(4.1), we can specialize Theorem 5.2 to the following
Estimate of the intrinsic diameter
The purpose of this section is to generalize the well-known Myers' theorem [23] on a complete and connected λ-hypersurface with
3 ). In particular, we obtain the following
3 . Then M is compact and the intrinsic diameter satisfies
Topology at infinity of λ-hypersurfaces
In this section, by the following Cheeger-Gromoll-Lichnerowicz splitting theorem, we obtain a bit of information on the topology at infinity of a bounded λ-hypersurfaces with Ric f ≥ 0.
Lemma 7.1. (see [17] )Let (M n , dvol f ) be a geodesically complete weighted manifold with Ric f ≥ 0 for some bounded function f and M n contains a line, then M n = N n−1 × R and f is constant along the line. for some ray γ : [0, +∞) → M , and t >> 1. It follows by integration that |X| 2 → +∞ along γ, therefore, M is unbounded. This is a contradiction. So we finish the proof.
By Theorem 8.1, the following corollary is obvious. where B(r) is the geodesic ball of λ-hypersurface M n with radius r. Then M is compact.
